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Abstract
The measurement of the charged-current 8B solar neutrino reaction on deuterium at the
Sudbury Neutrino Observatory confirms the neutrino oscillation hypothesis for the solar
neutrino problem, and the result favours the solution with large neutrino mixing angles.
We demonstrate that the current neutrino oscillation data (including atmospheric and
reactor neutrinos) are sufficient to construct the lepton flavour mixing matrix with a
reasonable accuracy. We also infer the maximum size of CP violation effects consistent
with the current neutrino oscillation experiments.
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The Sudbury Neutrino Observatory (SNO) experiment [1] measured the charged current
rate for 8B solar neutrino reactions on deuterium. The derived electron neutrino flux
is lower by 3.3σ than the neutrino flux obtained from the electron scattering event rate
measured by the same experiment, and more accurately by Super-Kamiokande (SK) [2].
This difference is ascribed to the neutral-current induced reaction of three species of the
left-handed neutrinos on electron scattering. The sum of the electron neutrino flux and
that of other neutrinos, inferred from the difference, agrees with the electron neutrino gen-
eration rate expected in the sun [3], hereby confirming the neutrino oscillation hypothesis
as the origin of the long-standing solar neutrino problem.
The SNO result also narrows the range of the neutrino oscillation parameters. The
rate of the conversion of electron neutrinos to other neutrinos is somewhat larger than is
expected in the optimal solutions within the neutrino oscillation hypothesis (e.g., [2],[4])
inferred from solar neutrino experiments available prior to the SNO experiment [5],[2],[6].
This indicates that the new optimal solution including the SNO data is located slightly
inwards within the MSW [7] triangle. This makes the small angle solution (SMA) of
the MSW effect disfavoured, since the absence of the distortion of the neutrino energy
spectrum and of day-night effect observed at SK leaves only the small angle edge of the
SMA to be allowed [2], contrary to the charged-current event at SNO indicates. For a
similar reason the neutrino oscillation hypothesis in vacuo is now disfavoured. We are
left with the large mixing angle solution (LMA) and the LOW solution [4] of the MSW
conversion as the most likely solution to the solar neutrino problem. Detailed statistical
analyses including the SNO data have already been made [8],[9],[10], and confirmed the
picture we have sketched here.
In this Letter we present an analysis of the neutrino oscillation from a somewhat
different view. We ask the question whether we can determine the lepton flavour mixing
matrix using the presently available oscillation data, and answer this question positively.
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We also ask the magnitude of the CP violation effect allowed by the current neutrino
oscillation experiment.
We write the neutrino mixing matrix
|ψα〉 = Uαi|ψi〉, (1)
where α = e, µ, τ and i = 1, 2, 3. The solar neutrino experiments tell us about |Ue1| and
|Ue2|, and the atmospheric [11],[12] and the K2K long base-line accelerator experiment
[13] tell us about |Uµ3|. Another constraint is imposed on the element |Ue3| from the
Chooz reactor experiment [14]. If errors are small this information should be sufficient to
construct the full 3×3 lepton flavour mixing matrix (up to the phase) under the unitarity
constraint on the matrix.
We consider all constraints at a 90% confidence level. We fix for simplicity the mass
square difference between ντ and νµ to be 3.2×10−3 (eV)2 as deduced from the atmospheric
neutrino experiment of SK [11]. We determine allowed regions of the Kobayashi-Maskawa
angles from the oscillation parameters and mapped them into physical mixing matrix
elements. The present experimental information is not sufficient to constrain the phase
factor. So we vary the phase φ between 0 and pi while searching for the allowed angles,
adopting the matrix representation in Review of Particle Physics [15].
We take LMA for the solar neutrino mixing solution. The mixing matrix we derived
reads
U =


0.74− 0.90 0.45− 0.65 < 0.16
0.22− 0.61 0.46− 0.77 0.57− 1/√2
0.14− 0.55 0.36− 0.68 1/√2− 0.82

 , (2)
where we are confined to the case of νµ < ντ , and only the modulus of the elements are
shown. If we allow for νµ > ντ the (2,3) element takes 1/
√
2− 0.82 and the (3,3) element
is 0.57 − 1/√2, i.e., the two elements are interchanged as the phase is unconstrained in
our analysis. It is interesting to note that all matrix elements are reasonably constrained
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with the present neutrino oscillation data. This predicts the oscillation properties between
any kinds of neutrinos. It is also interesting to notice that all elements except for Ue3 are
sizable. A marginal disparity is seen between the Ue3 and Uτ1 elements, but more accurate
input of Ue2 is needed for a definitive conclusion. The small Ue3 is the characteristic that
has been predicted in some phenomenological neutrino mass matrix models [16],[17] prior
to the Chooz experiment1.
Once this matrix is determined one can infer the maximum size of CP violation in
the lepton sector. In the last few years the feasibility of detecting CP violation has been
studied by a number of authors in view of long-baseline neutrino experiments with strong
neutrino beams [18],[19]. In these studies only a few representative values of neutrino
oscillation parameters, as written in terms of the angle representation, are adopted to ex-
amine experimental feasibility, and systematic parameter searches are not made. A more
general analysis is straightforward with our neutrino matrix. The factor that represents
the net CP violation effect can be written as [20]:
J =
|Ue1| |Ue2| |Uµ3| |Uτ3| |Ue3|
1− |Ue3|2 sinφ . (3)
This is evaluated using the lepton mixing matrix, but more conveniently expressed only
with experimentally relevant quantities, as
J =
1
4
√
sin2 2θsol
√
sin2 2θatm|Ue3|
1− |Ue3|2 sinφ , (4)
where θsol is the mixing angle that directly comes into solar neutrino oscillation, θatm
is that for the atmospheric neutrino oscillation, and |Ue3| is directly constrained by the
ν¯e → ν¯τ oscillation experiment. Now it is easy to show that the maximum value of J is
given by
1Note that (1,3) and (3,1) elements are reversely expressed in [16] by convention.
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J ≤ 0.040 sinφ . (5)
Apart from the phase factor sinφ the crucial factor that controls the feasibility of the
CP violation experiment is |Ue3|. This demonstrates the importance of the measurement
of ν¯e → ν¯τ oscillation beyond the current limit set by the Chooz experiment.
We remark that if the modulus of the matrix elements (other than the four we used
as input) is experimentally determined, we can predict the CP violation phase φ as,
cos φ =
1
2|Ue1||Ue2||Ue3||Uµ3||Uτ3| [(1−|Ue3|
2)2|Uµ1|2−|Ue2|2|Uτ3|2−|Ue1|2|Ue3|2|Uµ3|2]. (6)
We do not repeat the discussion about actual CP violation effects given in the literature
[19], but let us quote that the disparity of neutrino oscillation due to CP violation is given
by [21]
∆P = P (ν¯µ → ν¯e)− P (νµ → νe)
= 4Jf ≤ 0.16f sinφ , (7)
where f = 4 sin(∆12/2) sin(∆32/2) sin(∆31/2) with ∆ij = ∆m
2
ijL/2Eν (L is the length of
the baseline, and Eν is the neutrino beam energy). The upper limit of J corresponds to
about 2/3 the value assumed in the analysis of Arafune et al.[19], but if it takes a value
close to this limit the CP violation effect is probably visible.
So far we have discussed the case of the LMA solution. The experiments also allow
the LOW solution, which are located close to the bottom of the MSW triangle, albeit
the parameter range allowed by a 90% confidence is narrow, If LOW is the solution, the
mixing matrix is
U =


0.71− 0.79 0.61− 0.71 < 0.16
0.34− 0.65 0.42− 0.70 0.57− 1/√2
0.25− 0.58 0.32− 0.63 1/√2− 0.82

 . (8)
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This matrix is quite similar to the one given for LMA, but the constraint is slightly tighter
because of a smaller allowed region for Ue2. We obtain a CP violation J factor similar
to (5). The observable CP violation effect, however, contains the mass square difference,
and the small ∆m2
12
of the LOW solution pushes the effect outside the range feasible with
accelerator experiments. We should await the KamLAND experiment [22] for a decisive
answer as to the selection between the two solutions.
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